Abstract-Hybrid systems with memory are dynamical systems exhibiting both hybrid and delay phenomena. In this note, we study the asymptotic stability of hybrid systems with memory using generalized concepts of solutions. These generalized solutions, motivated by studying robustness and well-posedness of such systems, are defined on hybrid time domains and parameterized by both continuous and discrete time. We establish Lyapunov-based sufficient conditions for asymptotic stability using both LyapunovRazumikhin functions and Lyapunov-Krasovskii functionals. Examples are provided to illustrate these conditions.
well-posedness results have been established [13] . As a consequence of well-posedness, it is also proved in [13] that KL pre-asymptotic stability is robust for well-posed hybrid systems with memory.
The main contribution of this note is to provide Lyapunov-based sufficient conditions for studying asymptotic stability of hybrid systems with memory using generalized solutions. We prove two sets of such conditions, one using Lyapunov-Razumikhin functions and the other using Lyapunov-Krasovskii functionals. These results extend to the hybrid setting the classical stability results for functional differential equations [14] and more recent results on delay difference equations or inclusions (e.g., [15] [16] [17] ). They also extend some preliminary results on this topic found in [12] . 
II. PRELIMINARIES

A. Hybrid Systems With Memory
We start with the definition of hybrid time domains and hybrid arcs [9] , [18] for hybrid systems and generalize them in order to define hybrid systems with memory. The following definitions first appeared in [11] and [12] .
Definition 1: Consider a subset E ⊂ R×Z with E = E ≥0 ∪E ≤0 , where
) is a compact hybrid time domain with memory. The set E ≤0 is called a hybrid memory domain.
Definition 2: A hybrid arc with memory consists of a hybrid time domain with memory, denoted by dom x, and a function x : dom x → R n such that x(·, j) is locally absolutely continuous on I j = {t : (t, j) ∈ dom x} for each j ∈ Z such that I j has nonempty interior. In particular, a hybrid arc x with memory is called a hybrid memory arc if dom x ⊂ R ≤0 × Z ≤0 . We shall simply use the term hybrid arc if we do not have to distinguish between the above two hybrid arcs. We write dom ≥0 (x) :
We shall use M to denote the collection of all hybrid memory arcs. Moreover, given Δ ∈ [0, ∞), we denote by M Δ the collection of hybrid memory arcs ϕ satisfying the following two conditions: (s , k ) ∈ domϕ such that s + k ≤ −Δ. The constant Δ roughly captures the size of memory for a hybrid system. The above two conditions ensure that the memory size is at least Δ and at most Δ + 1. We allow this variability in order to capture certain graphical convergence properties of solutions related to the well-posedness and robustness of hybrid systems with memory (see [13] for more details). Given a hybrid arc x, we define an operator A
Definition 3: A hybrid system with memory of size Δ is defined by a 4-tuple
Given a hybrid memory arc ϕ ∈ M Δ and g ∈ R n , we define ϕ 
The solution x is called nontrivial if dom ≥0 (x) has at least two points.
We refer the readers to [11] [12] [13] for existence of generalized solutions and well-posedness for hybrid systems with memory. The main results of this paper are on KL pre-asymptotic stability with respect to a closed set in R n for hybrid systems with memory. The definition for KL pre-asymptotic stability is given below.
Definition 5: Let W ⊂ R n be a closed set. The set W is said to be KL pre-asymptotically stable for H
where |z| W := inf y∈W |y − z| for z ∈ R n and ϕ W := sup (s,k)∈domϕ
III. LYAPUNOV CONDITIONS FOR ASYMPTOTIC STABILITY
In this section, we present the main results on Lyapunov-based sufficient conditions for the asymptotic stability of hybrid systems with memory. We provide two sets of conditions, one in terms of LyapunovRazumikhin functions and the other using Lyapunov-Krasovskii functionals.
A. Sufficient Conditions by Lyapunov-Razumikhin Functions
Razumikhin theorems [19] have been a very useful tool for the stability analysis of delay or functional differential equations (see, e.g., [14, Theorem 4.2, Ch. 5]). Typical stability criteria in a Razumikhintype theorem involve a positive definite Lyapunov function whose derivative along solutions is negative definite only if the current value of the Lyapunov function exceeds certain thresholds relative to the past values of the Lyapunov function over a delay period.
The following result, which extends a preliminary result found in [12] , gives a general Razumikhin-type theorem for hybrid systems with memory.
be a hybrid system with finite memory (i.e., Δ < ∞) and let W ⊂ R n be a closed set. If there exists a continuously differentiable function V :
, a positive definite and continuous function α 3 : R ≥0 → R ≥0 , and continuous functions p : R ≥0 → R ≥0 and ρ : R ≥0 → R ≥0 with p(r) > r and ρ(r) < r for all r > 0 such that the following hold:
We prove this by showing that, for any fixed ε > 0, V (x(t + s, j)) < V (x(t, j)) + ε for all s ∈ [0, h]. Suppose this is not the case.
Then η > 0. At s =s, we have
It follows from the continuity of p(V (x(t + s, j))) with respect to s that there exists some small δ > 0 such thats − δ ∈ [s,s) and:
Condition (ii) of the theorem implies that , j) ) + ε, which contradicts the definition ofs. If (b) holds, it follows from the continuity of
Now consider any solution x to H Δ M . It follows from condition (i) that:
Fix any η > 0 and consider any solution
. We further show that for all ε > 0, there exists some T > 0 such that V (x(t, j)) ≤ ε for all (t, j) ∈ dom x with t + j ≥ T . Without loss of generality, assume ε < α 2 (η). Define
{s − ρ(s)} and a := min min
{s − ρ(s)} .
Let N be the smallest integer such that ε + Na ≥ α 2 (η). Both γ and a are positive, because ε > 0, p(s) > s, and ρ(s) < s for all s > 0.
We claim that there exists T 1 such that V (x(t, j)) ≤ ε + (N − 1)a for all (t, j) ∈ dom x with t + j ≥ T 1 . We prove this in two steps.
(a) First, we show that V (x(t, j)) ≤ ε + (N − 1)a holds for some (t, j) ∈ dom x and t + j ≥ 0. (b) Second, we show that once V (x(t, j)) ≤ ε + (N − 1)a for some (t, j) ∈ dom x and t + j ≥ 0, this holds for all (t, j) ∈ dom x beyond this instant.
Suppose (A) is not true, then we have V (x(t, j)) > ε + (N − 1)a holds for all (t, j) ∈ dom x and t + j ≥ 0. It follows that for all (t, j) ∈ dom x with t + j ≥ 0, we have:
If I j := {t : (t, j) ∈ dom x} has non-empty interior, we have from condition (ii) that
If both (t, j) ∈ dom x and (t, j + 1) ∈ dom x, we have from condition (iii) that
Combining (5) and (4) gives V (x(t, j)) ≤ V (x(0, 0)) − γ(t + j), which holds for all (t, j) ∈ dom x with t + j ≥ 0. This would lead to a contradiction if t + j is sufficiently large.
Suppose (B) is not true. Then there exists (t , j ) ∈ dom x such that
We consider two cases. If V (x(t , j )) > ε + (N − 1)a, it must be that (t , j − 1) ∈ dom x and V (x(t , j − 1)) ≤ ε + (N − 1)a. This would lead to a contradiction that x(t , j )) ) < 0, which contradicts the definition of (t , j ).
Combining (A) and (B) above leads to V (A
Repeating the same argument above, we can inductively show that,
for all t + j ≥ T . Note that the choice of T only depends on ε and η. Thus, combining (3) and (6) [17] ). More specifically, the proof techniques for the evolution of solutions by the flow map resemble that for classical stability results for functional differential equations. The key differences here include condition (iii), which is different from and more general than the conditions proposed for functional difference equations or inclusions (e.g., [15] [16] [17] ), and arguments to deal with the hybrid nature of the system, which allows the system to have multiple consecutive jumps.
The following result, which first appeared in [12] , establishes Halanay-type inequalities [21] for hybrid systems. It can be proved as an immediate corollary of Theorem 1.
be a hybrid system with memory and let W ⊂ R n be a closed set. If there exists a continuously differentiable function V : R n → R ≥0 , K ∞ functions α i (i = 1, 2), and positive constants μ > q and ρ < 1 such that the following hold:
We use the following example (modified from [9, Example 3.12]) to illustrate how the results established in Theorem 1 and Corollary 1 can be applied.
Example 1 (Sampled-Data Systems With Delayed Measurements):
Consider a linear sampled-data system
whereẑ is the delayed measurement affected by some fixed sampling delay r > 0 and δ > 0 is the fixed sampling period. The system corresponds to a hybrid system 
, and x 2 = τ . Consider a Lyapunov function candidate of the form
where A f := A B 0 0 and P is a positive definite symmetric matrix
where A g := I 0 K 0 . Note that the matrix H captures the evolution of the variable x 1 at sampling times and just before jumps in the delayfree case [9] . By this assumption, we know that there exists ρ < 1 such that W (Hx 1 ) ≤ ρW (x 1 ). It can be easily verified that there exist positive constants c 1 and
In other words, condition (i) of Corollary 1 is verified. We now verify condition (ii). It can be shown that ∇V (ψ(0, 0)) · F(ψ) = −σV (ψ(0, 0)), for all ψ ∈ C. This is because ∇V 1 (ψ(0, 0)) · F(ψ) = 0. To check condition (iii), one can verify that, for all ψ ∈ D and g ∈ G(ψ)
whereρ := ρe σδ + Mre σδ and M is some positive constant. In other words, if both r and δ are sufficiently small, thenρ < 1 and W is KL pre-asymptotically stable for H 
B. Sufficient Conditions by Lyapunov-Krasovskii Functionals
As in functional differential equations, Lyapunov functionals can be used to formulate sufficient conditions for analyzing stability of hybrid systems with memory. Given a functional V : M Δ → R ≥0 , we define the upper right-hand derivative of V at ϕ ∈ M Δ along the solutions of H Δ M as follows:
The following result provides a set of such conditions, which resemble that for hybrid systems without memory. positive definite and continuous function α 3 : R ≥0 → R ≥0 such that the following hold: Since α 3 is positive definite, the above inequality shows that V (A [t,j] x) is non-increasing. Furthermore, letting (s, k) = (0, 0), together with condition (i), implies that
Pick any ε > 0 and η > 0. Let δ = α −1
IV. CONCLUSION
In this note, we have investigated asymptotic stability of hybrid systems with memory via generalized solutions. While the motivation for considering generalized solutions lies in the needs to address robustness of asymptotic stability and well-posedness for such systems, the focus of this note is on asymptotic stability analysis using Lyapunovbased methods. We have established two sets of Lyapunov-based sufficient conditions for the asymptotic stability of hybrid systems with memory, one based on Lyapunov-Razumikhin techniques and the other Lyapunov-Krasovskii functionals. We have demonstrated the effectiveness of these techniques using two examples.
